In this communication we present a method of complete basis set (CBS) extrapolation of correlation energies obtained with a systematic sequence of one-electron basis sets. Instead of fitting the finite-basis results with a certain functional form, we perform analytic re-summation of the missing contributions coming from higher angular momenta, l. The assumption that they vanish asymptotically as an inverse power of l leads to an expression for the CBS limit given in terms of the Riemann zeta function. This result is turned into an extrapolation method that is very easy to use and requires no "empirical" parameters to be optimized. The performance of the proposed method is assessed by comparing the results with accurate reference data obtained with explicitly correlated theories and with results obtained with standard extrapolation schemes. On average, the errors of the zeta-function extrapolation are several times smaller compared with the conventional schemes employing the same number of points. A recipe for estimation of the residual extrapolation error is also proposed.
I. INTRODUCTION
Extrapolation to the complete basis set (CBS) limit is an effective theoretical tool that allows to remove a significant fraction of the finite basis set error at essentially zero computational cost. This is illustrated well by the papers of Feller and collaborators [1, 2] who have shown that even the worst-performing extrapolation schemes are able to reduce the error of raw ab initio values by approximately a factor of two.
Various extrapolation protocols have been proposed in the literature (see Refs. [1, 3-5] for a comprehensive review). One of the first formulas used for this purpose is a simple two-parameter exponential [6, 7] , later generalized to a three-parameter mixed exponential/Gaussian expression [8, 9] . Both of them are based on purely empirical arguments and it has been shown that they typically underestimate the CBS limit [10] .
A majority of the extrapolation schemes used today assume that the results converge towards the CBS limit as an inverse power of the the largest angular momentum L included in the basis set. This approach, grounded in numerical observations of Schwartz [11, 12] for the energy of the helium atom, was subsequently justified theoretically by Hill [13] and other authors [14] [15] [16] .
One of the most popular extrapolation schemes employed for the correlation energy is due to Helgaker et al. [17, 18] and relies directly on the L −3 error formula. However, numerous generalizations and extensions of this scheme were proposed in the literature, e.g., the L −α or (L + 1/2) −α formulae with an adjustable α [19] [20] [21] , expressions that additionally include higher inverse powers of L [4, 22] , or shifted formulae where some effective parameter is used instead of L [23] [24] [25] . A different approach was proposed by Schwenke [26] who calculated the CBS limit by scaling the difference between the results obtained in two largest basis sets. The scaling coefficient is determined "empirically" for a given level of theory and basis set family. Note that extrapolations are not limited to the correlation energy and are also frequently applied to other quantities such as polarizabilities [27] or structural parameters [28] .
In this work we introduce a new method of CBS extrapolation that is fundamentally different from the approaches described in the previous paragraphs. The performance of the proposed method is assessed by comparing the results with accurate reference data and with results obtained with standard extrapolation schemes. Finally, we put forward a simple recipe to estimate the residual extrapolation error.
II. THEORY
Let us denote the energy calculated with a basis set including functions up to the angular momentum L by E L . The basic idea of our method relies on the assumption that energy increments, δ l = E l − E l−1 , possess the following asymptotic form
where a is a system-dependent numerical parameter. We adopt a convention E −1 = 0, so that δ 0 = E 0 . The formula (1) is asymptotically valid for spin-singlet electron pairs. A more general (and presumably more accurate) asymptotic expression takes also the triplet electron pairs into account and reads
Here we concentrate mostly on Eq. (1), but at the end of this section the main results are generalized to take Eq. (2) into account. Note that for systems where all electron pairs are triplet-coupled, such as the quintet state of the helium dimer [29] , one should set a = 0 in Eq.
(2).
The exact energy, E ∞ , can obviously be obtained by summing all energy increments and we split this summation into two parts
where L is the maximal angular momentum that is feasible in practice. We assume that L is large enough to make Eq. (1) a good approximation to δ l for l > L. Under these conditions the CBS limit can be rewritten as
or
where ζ (s) = ∑ ∞ n=1 n −s is the Riemann zeta function, so that ζ (4) = π 4 /90. The parameter a required in Eq. (5) can be fixed assuming that results from two consecutive basis sets, say, E L and E L−1 , are available. The optimal a is then found straightforwardly as
Together with Eq. (5) this constitutes the basic two-point extrapolation scheme. The method proposed here bears some similarities to the acceleration technique of Drake and Yan [30] for calculation of three-electron atomic integrals over exponential functions. However, to the best of our knowledge, this idea has never been applied to the basis set extrapolation problem.
In the above analysis we have assumed that the values of E l obtained within a given basis set are exact. This is not strictly true in practice since the number of s, p, d, . . ., functions is always finite. However, the error in E l converges rather quickly (at least for atoms) with the number of functions n in the shell, i.e., as e −β n or e −β √ n depending on whether the "radial" functions satisfy the nuclear cusp condition [31] . Therefore, the problem of radial incompleteness can be alleviated by using uncontracted and/or augmented basis sets.
When the results from three consecutive basis sets, E L , E L−1 , and E L−2 , are available, the threepoint extrapolation scheme based on Eq.
(2) can be applied. In this case the expression for the CBS energy limit reads
where ζ (6) = π 6 /945, and the coefficients a, b are
In principle, for a sufficiently large L the three-point extrapolation should outperform the twopoint method. The former not only accounts for the convergence of the correlation energy for the triplet electron pairs, but the l −6 term also serves as a subdominant term in the asymptotic expansion for the singlet pairs. On the other hand, the main disadvantage of the three-point formula is the fact that the results from the smallest L−2 basis set may not be reliable enough. Additionally, the three-point formula may be more susceptible to over-parametrization, numerical noise, and small irregularities in the basis set sequence.
In the next section the results obtained with help of Riemann extrapolations are compared with the following conventional formulas
The parameters E ∞ , A, B are adjusted to match the results obtained with a sequence of two or three basis sets. The popular extrapolation formula (L + 1/2) −4 proposed by Martin [19] has also been tested, but it was found inferior in comparison to Eqs. (10) and (11) .
It is also interesting to compare the two-point zeta-function extrapolation with the conventional formula (10) under the assumption that Eq. (1) strictly holds for each l ≥ L. In such case the zeta-function formula gives the exact result given by Eqs. (4) or (5) . For large L this result can be rewritten as
by employing the asymptotic expansion [32] of the infinite sum in Eq. (4). The extrapolation formula (10) also can be rewritten in an
. By combining the obtained expressions for E ∞ and E ∞ one can show that the error of the conventional extrapolation, ε L = E ∞ − E ∞ , behaves asymptotically as
. Thus, the extrapolation (10) contains the L −4 error coming from inexact summation of the l −4 term. This error is absent in the zeta-function method which can be viewed as a mathematical rationale behind the zeta-function extrapolations.
III. NUMERICAL RESULTS

A. Correlation energies
To investigate the performance of the proposed scheme in extrapolation of the correlation energies we performed finite basis set calculations for several systems where benchmark-quality results at various levels of theory are known. Literature sources of the reference values (which are all accurate to 1 µH or better) and basis sets used in this work are summarized in Table I. Uncontracted Gaussian-type basis sets are used throughout the present work. For neon atom we employ Slater-type orbitals (STOs) basis sets optimized for the purposes of this work according to the scheme detailed in Refs. [33, 34] . All basis sets can be obtained from the authors upon request. The internuclear distance in H 2 molecule is set to 1.4 a.u. and the geometry of H + 3 is the equilateral triangle with the side length of 1.65 a.u. All calculations reported in this subsection were performed with help of the GAMESS program package [35] .
The results of the two-point and three-point zeta-function extrapolations for the helium atom, beryllium atom (STOs basis set), carbon atom, hydrogen molecule (basis set of Mielke et al. [36] ), and trihydrogen cation (H + 3 ) at the FCI level of theory are given in Table II . Analogous results at the MP2 and CCSD levels of theory for the beryllium atom and lithium hydride molecule (LiH) are summarized in Table III . In Table IV we show values of the following perturbative triples correction obtained for the neon atom
where E CCSD and E CCSD(T) are the correlation energies obtained from the CCSD [37] and CCSD(T) methods [38] , respectively. For comparison, the corresponding results obtained at the MP2 level of theory are also reported in Table IV .
The results given in Tables II and III as L = 5, 6. In some cases the three-point zeta-function method does not lead to any improvement over its two-point counterpart. This may be due to increased susceptibility of the former to small irregularities in the basis set sequence or simply is an indication that the convergence with respect to the angular momentum has already been reached and other factors are limiting the accuracy at this point (such as the "radial" convergence).
Similar conclusions apply also to the results for the neon atom presented in Table IV In many applications, especially in those that aim at high accuracy of the results, it is important to provide a reliable estimate for the error of the extrapolated value. The simplest solution is to take the difference between the extrapolated value and the result in the largest basis set available.
This conservative approach has been used in the literature numerous times [39, 40] , but in the case of the zeta-function method it leads to gross overestimations. Let us consider a more general approach where the residual extrapolation error, σ L = |E exact − E ∞ |, is estimated as
where C L is a numerical parameter. By using the results from Tables II-IV we can find "empirical" values of C L that can be used to estimate the error of future applications. To this end, we demand that for each extrapolated value from Tables II-IV the error calculated from Eq. (13) is not smaller than the true error. In the case of the two-point zeta-function extrapolation one finds C 3 = 0.113, C 4 = 0.135, C 5 = 0.136, C 6 = 0.094, C 7 = 0.094, Note that the fact that C 3 < C 4 does not imply that the L = 2, 3 extrapolation gives, on average, smaller errors than L = 3, 4 extrapolation. The latter extrapolation would still be significantly more reliable simply because |E 4 − E ∞ | is much smaller than |E 3 − E ∞ |, cf. Eq. (13) . The error bars obtained with help of the constants C L can be additionally tightened if the value of σ L is interpreted statistically as the standard deviation, i.e., one demands that in about 68% of cases the true error is smaller than σ L , in about 95% of cases the true error is smaller than 2σ L , and so forth (assuming that the error distribution is normal). However, this approach requires a larger statistical sample than available here and shall be considered in future works. One may note that another popular method of estimating the extrapolation error, namely taking the difference between the last two extrapolated results [33] , was found to underestimate the error in several cases and we do not recommend its use in combination with the zeta-function method.
B. Other quantities
To check the applicability of the zeta-function method to extrapolation of properties other than the energy we selected static dipole polarizabilities of the helium atom and of the hydrogen molecule, and the exchange splitting in the hydrogen molecule. The latter quantity is defined as a difference between the energies of the ground ( 1 Σ + g ) and the first excited state ( 3 Σ + u ) of this system. Here we consider a scaled quantity defined as
where E g and E u are the energies of the ground and excited states, respectively, and R is the internuclear distance (R = 8.0 was adopted in the calculations). The static dipole polarizabilities were calculated with help of the Dalton program package [41, 42] . Doubly-augmented Gaussiantype basis sets of Woon and Dunning [43] were used in polarizability calculations for the hydrogen molecule.
The data provided in Tables V and VI reveal that extrapolation of properties is a considerably more difficult task than of the correlation energies. Nonetheless, zeta-function extrapolations still
give considerably better results than the conventional extrapolations with the same number of points. The only exception is the two-point extrapolation for the helium atom, but even in this case the differences are marginal. Overall, the extrapolated values converge less regularly to the CBS limit compared with the results for the correlation energies discussed in the previous section.
This suggests that the lack of radial saturation may be responsible for the remaining basis set incompleteness error, despite doubly-augmented basis sets were used in the calculations.
IV. CONCLUSIONS
We have presented a new method of complete basis set extrapolation that is based on analytic re-summation of the missing energy increments. The performance of the proposed method has been assessed by comparing with accurate reference data obtained with explicitly correlated theories and with results obtained with standard extrapolation schemes. For extrapolation of the correlation energies we recommend the simplest two-point zeta-function formula due to its reliability, ease of use, and regular convergence of the results. This scheme outperforms the standard extrapolation methods in most cases studied here and, on average, allows to reduce the residual extrapolation errors several times. We have also proposed a reliable method of estimating the remaining extrapolation error.
In the future this work can be extended in several directions. For example, separate treatment of singlet and triplet electron pairs can be invoked, and an analogous separation can be performed for core/valence electron pairs. It is also possible to generalize the zeta-function method to extrapolate relativistic and quantum electrodynamics corrections in light systems that are known to converge pathologically slowly [16, 44] calculated at the FCI level of theory. All values are given in the atomic units and the abbreviations are the same as in Table II . The reference value is ∆E = 1.736 967 949 (9) 
